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Dept. of Math. & Comp. Sci. First Exam Answer Key

1. Suppose, f is defined near a, then the statement lim
x→a

f (x) = L means that,

∀ε > 0, ∃ δ > 0 such that if 0 < |x− a| < δ, then |f (x)− L| < ε.
Let ε > 0 such that |(1− 4x)− 9| < ε ⇐⇒ |−4 (x+ 2)| < ε ⇐⇒
|−4| |x− (−2)| < ε ⇐⇒ |x− (−2)| < ε

4
⇐⇒ |x− (−2)| < δ, where 0 < δ ≤ ε

4
.

2. (a) lim
x→1

√
x+8−3

x2+8x−9 ×
√
x+8+3√
x+8+3

= lim
x→1

(x+8)−9
(x−1)(x+9)[

√
x+8+3]

= lim
x→1

1

(x+9)[
√
x+8+3]

= 1
60

(b) Solution (1): Put x = 1
y
, as x → ∞, y → 0+. So, lim

x→∞
1
x2
sin (x− 1) = lim

y→0+

y2 sin
(
1
y
− 1
)
. Since−1 ≤ sin

(
1
y
− 1
)
≤ 1 for y �= 0 =⇒ −y2 ≤ y2 sin

(
1
y
− 1
)
≤

y2. Since, lim
y→0+

y2 = 0 = lim
y→0+

−y2 then from the Squeeze Theorem, lim
y→0+

y2 sin
(
1
y
− 1
)
=

0. Therefore, lim
x→∞

1
x2
sin (x− 1) = 0

Solution (2): −1 ≤ sin (x− 1) ≤ 1 =⇒ − 1
x2
≤ 1

x2
sin (x− 1) ≤ 1

x2
. lim
x→∞

(
− 1
x2

)
=

0 = lim
x→∞

(
1
x2

)
. Therefore, from the Squeeze Theorem, lim

x→∞
1
x2
sin (x− 1) = 0

3. f (x) = x
√
3x2+1

x2−6x+8 =
x
√
3x2+1

(x−2)(x−4) . lim
x→2±

f (x) = ∓∞& lim
x→4±

f (x) = ±∞ =⇒ x = 2 and x = 4

are V.A.

lim
x→∞

f (x) = lim
x→∞

x
√
x2(3+ 1

x2
)

x2(1− 6

x
+ 8

x2
)
= lim

x→∞

x
√
x2
√
3+ 1

x2

x2(1− 6

x
+ 8

x2
)
= lim

x→∞

x|x|
√
3+ 1

x2

x2(1− 6

x
+ 8

x2
)
=
√
3 =⇒ y =

√
3

is H.A.

lim
x→−∞

f (x) = lim
x→−∞

x|x|
√
3+ 1

x2

x2(1− 6

x
+ 8

x2
)
= −

√
3 =⇒ y = −

√
3 is H.A.

4. lim
x→−2±

f (x) = lim
x→−2±

|x−2|(x−3)
x2−4 = lim

x→−2±
|x−2|(x−3)
(x−2)(x+2) = ±∞ =⇒ f has an infinite discontinuity at

x = −2.
lim
x→2±

f (x) = lim
x→2±

±(x−2)(x−3)
(x−2)(x+2) = ∓1

4
=⇒ f has a jump discontinuity at x = 2.

lim
x→3−

f (x) = lim
x→3−

|x−2|(x−3)
x2−4 = 0 & lim

x→3+
f (x) = lim

x→3+
tan(x−3)×tan(x−3)

x−3 = lim
x→3+

tan(x−3)
x−3 ×

lim
x→3+

tan (x− 3) = lim
x→3+

tan(x−3)
x−3 ×tan

[
lim
x→3+

(x− 3)
]
= 0 =⇒ f has a removable discontinuity at

x = 3.

5. (b) g′ (x) = 2x + f ′ (x) . g′ (0) = 2 (0) + f ′ (0) = 2 > 0 & g′ (1) = 2 (1) + f ′ (1) =
−1 < 0, g′ is continuous on [0, 1] . From the Intermediate Value Theorem g′ (0) = 0
has a real solution in (0, 1) .

6. f ′ (1) = lim
x→1

f(x)−f(1)
x−1 = lim

x→1

(
1√
x
+1
)
−2

x−1 = lim
x→1

(1+
√
x)−2

√
x

√
x(x−1) = lim

x→1
1−√x√
x(x−1)×

1+
√
x

1+
√
x
= lim

x→1
1−x√

x(x−1)(1+
√
x)
=

−lim
x→1

1√
x(1+

√
x)
= −1

2




